Abstract. In this paper we examine the enumeration of alternating trees. We give a bijective proof of the fact that the number of alternating unrooted trees with n vertices is given by 1 n2 n?1 P n k=1
Introduction and main results
De nition 1. A tree T on the set of vertices n] = f1; 2; : : : ; ng is said to be alternating if for every path i 1 ; i 2 ; i 3 ; i 4 ; : : : in T we have i 1 < i 2 > i 3 < i 4 > : : : or i 1 > i 2 < i 3 > i 4 < : : :. Remark 1. In this paper, unless speci ed, we consider trees having a distinguished vertex, called the root.
In a recent work 4], Postnikov gives a formula for enumerating unrooted alternating trees and a functional equation satis ed by their generating function. These results are summarised in the next two theorems. To prove Theorem 1, Postnikov rst proves Theorem 2 and then solves the equation using the Lagrange's Inversion Formula. In Section 2 we present a bijective proof of Theorem 1, which answers a problem posed by Postnikov. In Section 3, we consider the family of alternating plane trees (trees such that the sons of each vertex are ordered) and we prove the following result. Theorem 3. Let G n be the number of alternating plane trees on n]. Then G n = 2(n ? 1) In order to give a bijective proof of Theorem 1, we need to introduce the local binary search (LBS) trees, used by Postnikov in 4].
De nition 2. A LBS tree is a labeled binary plane tree such that every left son has a smaller label than its parent, and every right son has a larger label than its parent. For example, the following tree is a LBS tree with 9 vertices. To prove this result, Postnikov gives a bijection, called , between LBS trees on n] such that the root has only one son and alternating trees on n] (there are nF n such trees) and uses Theorem 1. Now, we give a bijective proof of Theorem 4, which, combined with the bijection of Postnikov, provides a complete bijective proof of Theorem 1. In fact we describe a bijection between two families of trees, B n and T n , that we de ne below.
We denote by B n the set of LBS trees on n] such that the root has only one son and every nonroot vertex is marked with a letter chosen from fY; Ng. It follows immediately from the bijection that jB n j = 2 n?1 nF n : (1) We denote by T n the set of trees on n] such that every leaf is marked by a letter chosen from fY; Ng. 
The rst step in the description of the bijection is an involution on LBS trees of B n . Let T be a LBS tree on the set of vertices fx 1 ; x 2 ; : : : ; x k g, with x 1 < x 2 < : : : < x k . The LBS tree (T ) is obtained by performing the following operations:
swap labels x i and x k?i+1 for 1 i k, for every vertex, swap its right subtree with its left subtree, the marks on the leaves stay attached to the vertices and not to the labels. We can now give a recursive description of the bijection between T n and B n . We suppose that the input is a tree T of T n and we want as output a tree (T ) = B of B n . 1. If T has only one vertex (it is a leaf marked with a letter C of fY; Ng), then B = T. 2. If T has two vertices, then we distinguish two cases:
if T is the tree with root labeled 1 and a leaf labeled 2 and marked with C 2 fY; Ng, then B is the LBS tree of root labeled 1 with a right son labeled 2 and marked with C, otherwise, T has root labeled 2 and a leaf labeled 1, marked with C, and B is the LBS tree having root labeled 2 with a left son labeled 1 and marked with C.
Remark 2. From these rst two cases, we can use the hypothesis that the root of (T ) has the same label than the root of T and has at most one son.
3. In the general case, T has at least 3 vertices. Let r be the root, x 1 ; x 2 ; : : : ; x k its sons and Proof. This result is a consequence of the limitation of on LBS trees such that the root has only a right son and every vertex has the mark N. In this way, we recognize the classical correspondence between binary trees and trees (see 2]) limited to LBS trees.
3 Enumerating alternating plane trees
In order to prove Theorem 3, we will focus on the family of alternating plane trees such that the root is lower than all of its sons. Let L n denote the number of such trees on n]. We will show that L n = (n ? 1) Now, consider the number of di erent plane trees on n vertices we can generate from an unrooted plane tree T on the same set of vertices. For each edge (u; v) of T, it consists to decide which of the vertices u and v will be the root of a new tree, the other being its leftmost son. Then we have the following relations between G n and H n G 1 = H 1 = 1; G n = 2(n ? 1)H n (n > 1); (4) and between L n and H n Now, the rest of the proof is calculus using the previous relations. H n t n n! By di erentiation and using equation (7), we obtain that: 
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In order to perform the last step of the proof of Theorem 3, we need the following version of the Lagrange inversion formula (see 1, page 65]). 
